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Abstract 


Cryptocurrencies come with a variety of tokenomic policies as well as aspirations of desirable 
monetary characteristics that have been described by proponents as “sound money” or even 
“ultra sound money.” These propositions are typically devoid of economic analysis so it is a 
pertinent question how such aspirations fit in the wider context of monetary economic theory. 
In this work, we develop a framework that determines the optimal token supply policy of a 
cryptocurrency, as well as investigate how such policy may be algorithmically implemented. Our 
findings suggest that the optimal policy complies with the Friedman rule and it is dependent 
on the risk free rate, as well as the growth of the cryptocurrency platform. Furthermore, 
we demonstrate a wide set of conditions under which such policy can be implemented via 
contractions and expansions of token supply that can be realized algorithmically with block 
rewards, taxation of consumption and burning the proceeds, and blockchain oracles. 


1 Introduction 


Tokenomics, referring to the algorithmic adjustment of token supply in blockchain systems, is one 


of the most contested aspects of cryptocurrencies. The most prominent example, Bitcoin, adopts a 
fixed total supply monetary policy with a progressively diminishing release schedule that follows a 
geometric distribution and converges to a supply of 21 million tokens [17]. This feature of bitcoin 


has been touted as one of its main advantages — namely t 
fixed total supply (in conjunction with its other features) has been suggested 


money” [1]. Contrary to this, the second most popular cryptocurrency, Ethereum, adopts an ever 

this is the case due to the fee 

burning mechanism adopted through the EIP-1559 upgrade in the Ethereum system. This policy 
has been advocated as “ultra-sound money” by Ethereum proponents.! 

Despite the variety of mechanisms proposed, there has been little analysis of cryptocurrency 

monetary policies. It is thus of interest to investigate how such mechanisms stack up against 

conventional monetary theory. One of the foundational results of pure monetary theory, is the 


celebrated Friedman rule [8] which posits that monetary supply should be adjusted to keep the 


'See e.g., https: //ultrasound.money/. 


nominal interest rate close to zero. Following this tenet, the optimal money supply should seek a 

. While theoretically 
appealing, such policy is rarely observed in reality and a variety of prior work investigate the 
conditions under which it is optimal and implementable [24, 4, 10]. 

Viewing cryptocurrencies through the lens of the Friedman rule, we ask what is the optimal 
token supply policy when these systems are viewed in the context of wider economic activity and 
furthermore how such optimal policy can be implemented algorithmically — i.e., without relying 
on a central bank that controls the money supply. This is of particular interest in this context, 
since monetary supply adjustments seem to be hard to implement in practice in the context of 
token economies. More specifically, expanding the token supply is easy to implement, for example 
through issuing block rewards, while on the other hand, a decrease in the token supply, can be 
more complicated to implement. 

One policy that has been popular in Gaia narod fo hummnblaenieemapmeetes, as 
suggested in the Ethereum blockchain after the EIP-1559 upgrade.? Some alternative mechanisms, 
possible in theory, could be to decrease the token supply by maintaining an on-chain treasury — 

s. Given such treasury, the protocol 
can buy back tokens and hence reduce the money supply. In practice, this poses the challenge of 
funding such treasury as well as adjusting the composition of its assets as prices change. Another 
alternative is i However, if this policy is implemented uniformly 
and non-discriminatory (which is usually the only feasible implementation of such policy), this is 
just a form of re-basing that changes the unit of account without having any real economic effect. 
Taxing transactions has the potential downside that they could reduce user (and validator) welfare 
because they make transactions more expensive compared to actual competitive pricing. On the 
other hand, an upside of consumption based taxation in case of congestion is that it may satisfy 
the dual function of managing congestion as well as reducing the token supply. 


1.1 Our Contributions 


In this paper we set out to develop a framework that can determine the optimal token supply 
policy when a cryptocurrency is viewed in the context of the wider economic activity available 
to agents. We also focus on ways such optimal policy can be implemented using a taxation of 
consumption approach as the basic implementation mechanism. The higher objective is to give a 
proper theoretical foundation to a class of tokenomics policies for blockchain systems that have been 
discussed in the cryptocurrency community such as taxation and fee burning but only heuristically 
motivated, to the best of our knowledge. 

We propose a fully micro-founded model of the token economy in the spirit of models popular in 
the micro-foundation of liquidity and payments (see the textbook-[18] for an exposition of these type 
of models). 


iL V: assume that there are 


frictions that prevent agents to transact in both markets at the same time. Moreover, we assume 


ne eed expenditure and that 
so that we can model their choices by quasi-linear preferences 


in the numéraire good (usually we think of dollars as numéraire). This allows for a tractable model 


2We note that the Ethereum base fee as handled in EIP-1559 can be interpreted as a transaction tax. 


of the token economy that can be solved using standard techniques. As in other models of monetary 
economies there is a plurality of equilibria that depends on the agents’ beliefs about the future value 
of the token. There is an equilibrium in which agents believe that tokens will not have value in the — 
future, as well as equilibria in which they do. We focus on steady state equilibria in which agents 
believe that and hence 


volume in the platform. 
As a first result, we derive the robust finding that in the (steady state) equilibrium of the token 


economy t : We should target a token supply so that the expected return 
on token holding equals the risk-free rate which we can introduce into the cryptocurrency platform 
via a platform governance mechanism or a blockchain oracle [25]. Such policy can however not 


always be (optimally) implemented. If a reduction of the token supply needs to be implemented- 


l. Not taxing 


and leaving the token supply unchanged would outperform the deflationary policy. However, if the- 
TE y $ derive precisely the conditions under 


which such policy can be optimal, approximates the Friedman rule, and derive the optimal taxation 
rate. 
For this purpose, we enhance our model by introducing preference shocks, similarly as in [20]. 


If agents are homogeneously affected by shocks, reducing the token supply in the future through 


tax and burn schemes, has no welfare improving effect. However, if agents are heterogeneously 
affected by shocks, and there is congestion, due to increased demand of positively affected agents, 
then taxing consumption in that state has a positive effect on consumption in other states, thus 


1.2 Related work 


There has been a lot of recent work on economic aspects of cryptocurrencies under the umbrella 
term ”tokenomics”. Many researchers focus on the role of tokens as a medium of exchange. The 
token is the main medium of exchange in the economy [19] or competing with an alternative medium 
of exchange [9, 23]. In the former case, the feedback between different aspects of the system such as 
system security [19, 2] and equilibrium prices is studied. In the latter case, variants of the exchange 
rate indeterminacy result of [11] hold. In contra& to this previous work, our model is more in line 
with models of utility tokens where t (20, 5, 6] rather 
i e. Our model assumes that economic activity 
(for example users would usually 
not receive their income in the token but in dollar and blockchain transactions is a small part of 
their overall consumption expenditure). Thus, our model resembles more these models of utility 
tokens. However, our work differs by studying the question of optimal token supply. The closest 
work in terms of the overall research question might be [5], who however focuses on the revenue 
of the platform operator not on social welfare. The set up of our model also resembles the work 
of [20] and [19] who study a discrete megel with trading frictions and shocks in the spirit of new 
monetarist models [18]. - 
Our work also relates to work we micro foundation of money. As observed by [13], a model 
where money (tokens) is essentially nust satisfy several properties, among them trading frictions, 
i Researchers have 
provided a variety of models in this spirit, in particular [14] provide a tractable model of a monetary 


economy, by alternating a centralized market with a decentralized market. The centralized market — 


(together with quasi-linearity of consumption) 


We use the alternating market set up with the convention that the centralized market is the dollar- 
‘token market, which gives a natural interpretation in our application. 


The EIP-1559 is the best-known (and most thoroughly studied) transaction fee mechanism 
which attempts to do both demand estimation and also burns parts of the transaction fees. The 
foundations of its study were laid by Roughgarden in [22], who (among other results) identified that 

ks’ 
. The efficacy of this particular demand estimation has 


been studied in [15, 21 
In addition to EIP-1559, alternative 
mechanisms have been proposed (such as [7, 3, 12]) focusing on improving specific properties, such 
as stability, truthfulness or welfare. 


2 Model 


We consider a Lagos Wright [14] type of model: | Tinie t=0,1,.... There 
are two types of agents, pene Theei is a unit mass of users and eej 


has a per period utility u;,(a, o) of consuming a fraction a of the blockspace?. I owing, we 
usually introduce time dependency of utility by assuming that u ly, so 


that we can write u; t(a, o) = Arui(a,o) for functions {ui }icjo,1] and positive numbers {A+ }:=0,1....- 
There is a unit mass of identical validators, who 


user activity for cost c(s). We assume that all a are concave and c is convex. 
The timing is as follows: At the beginning of each period t, users receive a shock op ~ F, choose — 


their activity level a; ir activi j for 


į which are used in the next period t+ 1. Therefore, if a user wants to — 
holding between period t—1 and t. We assume that t ) 


(in the following we use 


”dollar” as name for the numéraire) . We assume that 
i ivi (e.g. they receive their income in dollars, 
do most of their consumption in dollars etc.). In other words we do a partial equilibrium analysis: 


preferences are quasi-linear in dollars and the agents in the economy can hold arbitrary (possibly 
negative) dollar balances. Users discount time with the same discounting rate 6 = 1/(1 +r) where 


For convenience, we summarize the definitions of all commonly used symbols in Table 1. 


3We are assuming that this is a non-atomic game: a single user with a = 1 would not consume the entire blockspace 
(and in fact would have no effect on other users, no matter her individual a) given a utility shock ø+. However, a 
larger mass of users would consume a measurable fraction of the blockspace, and in fact may not be able to consume 
all of it if the cost of validation exceeds their utility 


Symbol Definition 
Ui utility of user 2 
Cc cost of validation 
Git fraction of the blockspace used by user i during time t 
Sjt on-chain activity validated by validator j during time t 
mjit—1 | token holdings (in dollars) of user i, purchased at time t — 1 to use at time t 
Dt per unit fee for usage at time t 
0: percentage tax on top of price p; that is burned at time t 
r risk-free rate 
rp return on token holding at time t 
B time discount factor, equal to 1/(1 + r) 
dt dollar exchange rate of tokens at time t, such that re = (qt — G-1)/Gt-1 
At technology parameter at time t 
on utility shock received by the users at the beginning of time t 


Table 1: An overview of the symbols used. When an index i (or j) is missing from a symbol, we 
are integrating over all users or validators (e.g., a, = h a; tdi) 


2.1 Equilibrium 


The utility over time for user i with token holdings m; z is given by 


ai t>0,ptai t <(1+rT)mi, t1 


co 
X PE. | max (wie(@ie, 0t) + (1 +r7 )rmit—1 — Prais) — mca . aD 
t=1 


For readability, we will drop the subscript i from a;,; and mj; when it is clear from context. 
Note that gi 


yb 19 


For validator 7, we correspondingly obtain the expression 


`> iy Eo [mex (PiS; — e(sjs) + (1 + ri mjaa) = mji-1/6] ’ (2) 
t=1 i, P- 


with the added restriction that s; = f 852d) < Í aidi. 


It is immediate to see that if the return 


d (selling all tokens obtained as revenue from validation), 
Mj = 0 for all j and t. While the validator cost is not directly affected by the shock, it depends 
on the activity a, which is. 


2.1.1 First best 


As a benchmark, it is instructive to characterize the socially optimal allocation. The optimal level 


of participation is obtained by izi i 


1 1 
max i uit (it, o4)dt — c | aidi 
ai t >0,i€[0,1] Jo 0 


which gives the first order conditions 


U; (i,t, ot) 


Di 24 for ad Ge (04 3 
Hasan or each i € [0,1] (3) 


In case that in the critical point we have i aidi > 1, we can optimally ration the blockspace usage 
âit > 0 such that i, âitdi = 1 and u; 4(Gi.t, c+) = C > 0 for all 44. 


2.1.2 Competitive Equilibrium 


In the following we denote tial e AEAT i.e. the 
solution to the optimal consumption problem (which is essentially one term of the sum in 1) 


l = 4 
a, uila, o) — pa (4) 
given a fee of p, token holdings of m and shock ø. Moreover, we denote by {m?,(p, ri )}e=0,1,... the 
token demand of user i, i.e. the solution to the problem 


[e0] 


max X B'Es, [(uie(aiz) + (1 +r? )mit-1 — pra.) — mit-1/8], (5) 


{Mit }t=0,1,... t1 


where we omitted the arguments from až¿((1 + r? )mit—1,Pt, c+) for readability. We will often do 
so when they are clear from the context. The side of validators is simple: from 2 to maximize 
their utility for a given price, they j 
f (otherwise s; = 1, since they can only accommodate up to this much activity). 

Putting it all together we have the following definition. 


Definition 1. An equilibrium is described by prices {pz, q}1=0,1,..., where qi is the dollar exchange 
rate of tokens (such that rf = ae such that the usage levels {aj 4}ie(o,1],1=0,1,.... token bal- 
ances measured in dollar terms {mi fie t=0,1.... and token supplies (measured in number of tokens) 
{M:}i=0,1,... satisfy the following: 


(d (ay) = p; and až < 1) or (c'(až) < pi and a; = 1) 
1 
at = I ait (Pe, (1 L romi or) di 
1 
mi = J mit (p, rt) di = Mt. 
0 


Remark 1. The first condition has two cases, depending on the on-chain congestion. Either the 
price is such that validator supply and user demand are in equilibrium, with total usage less than 
1 or total usage is exactly equal to the blockchain throughput and validators validate all of it. 
Given that the utilities are concave and the costs convex, for a specific q; there may exist only one 
corresponding p; leading to an equilibrium, where one of the two cases of the first conditions are 
met. 


‘This may not be possible for some sets of ui, (e.g., if some utility is constantly zero). In this case, these users 
have âi, = 0 and the condition holds for the remainder. 


2.1.3 Steady State Equilibrium Selection 


There are various token equilibria that are characterized by different beliefs about the dollar value 
of the token supply over time, {aMi }e= 0,1, C8: there is ae an pa asians where all sees 
believe that tokens have no value.” i a wh 


Definition 2 (Steady State Equilibrium). 


m= aM; = 


In that case 
rp Uu- At Mir 
Tt — m i 1. 
qt—1 Ari Mi 


Notice that we have not added the impact of transaction fee burning to the token supply Mz. 
The equilibrium definition only depends on the final M+, which can be affected by different policies. 


2.1.4 Simplifying the Notation 


In the first sections, where the proofs are generally simpler, we follow the notation fairly closely, 
with only minor deviations when the meaning is absolutely clear from context. However in later 
sections, once some familiarity has been established with the indices and arguments to commonly 
used functions, we will increasingly omit them for readability and only re-introduce them to draw 
particular attention to them. 


3 Optimality of the Friedman rule 
We begin by showing that the Friedman rule from monetary policy (i.e., setting the rate of inflation 


) is also optimal for this token economy. We 
present a version of this result in two parts: 


e First for a deterministic setting, including technological growth. 


e Then, we complement this result with a more general version that also incorporates uncer- 
tainty about the users’ utilities in the form of the shocks o+. 


We assume that the technology parameter grows deterministically with a rate y so that 
A; = (1 + 7) At-1.- 


which implies 
wit (ae) = (1 +7)"us (ar) 


5While there are equilibria in which tokens have no value, in our model all equilibria in the dollar-token market will 
be such that the return on token holding rj is at most the real risk-less return r. This is an artifact of the removal of 
wealth effect and borrowing constraints through quasi- linear preferences in dollar holdings: assuming quasi-linearity, 
the agents are risk neutral. Thus, if agents would expect r7 >r, agents would demand an infinite amount of tokens. 
However, e by 


Proposition 1. For a steady state equilibrium, the optimal per-period change in the token supply 


Proof. We first consider the case where the chain at time t is un-congested in the first best 3: 


Aru; (1) ; 
(1) < 1 for all tE [0, 1] (6) 
In this case, there exist optimal â; + such that 
Jo Arul i (Gie)di 
c( fo ditdi) 
(l+rP)mit-1 = Pttit. (7) 


This can be shown by combining 4 and 5: if (1 trp )mit—1 > prait then either a; + can be increased 
or mjz—-1 decreased, staying within the feasible region and improving the outcome for user i. 

To determine the optimal token holding we derive the following first order condition, which 
represents the choice of mj; 4-1 that user 7 would have to make to maximize 5: 


Omi,t—1 Omit—1 


-1+ B (Aru, (ai) get + (1+ rf) - pai) =0 


We can rewrite this as: 


T Arula)  l+r 
Ail) EE + (tr?) - (+r?) =1/8=ltrs— “=—FH=lti, (8) 
; P Pt 1+ 
where i4 

r 
1+ i = — 
í 1+rf 

Oat = Here 


is the nominal return on the alternative investment and we have used 7 to obtain 


Omi,t—-1 i 
Integrating over all users (where ¿ € [0,1]) and using the optimality condition for validator: 
c (až) = pe we get 


J Aola di tr 


c (až) T+ rT 


(or equivalently rf = r) so that 


âs = f až di = af from 6 and given concavity and convexity of utility and cost respectively. Focusing 
again on the steady state equilibrium, we have 
T _ u— u- At Mı Mi-1 | 


vi = — . 1 = 1 + 5 
? qt—1 Ari Mi Pa) 


Thus the optimal policy would target a change of the token supply given by 


Mi-1 M . T+» 


1 =(1 : . 
ae ( H 7) Mı Mii l+r 


Next we consider the case where the chain at time t is congested in the first best 3: 
Ayu; ¢(1) 
c (1) 


As we have shown in 2.1.1, the blockspace has to be rationed so that the total usage is exactly — 
è To do this, the price p needs to be used to limit congestion and not just to cover the costs of 


g. Clearly, since for every user uj; ,(1) > ¢'(1), Wigan — order to 
tame the demand for the optimal outcome. Therefore, the va jt — 1 
The users are faced with the identical optimization problem, whose solution satisfies Equation 
8 as before: 


> 1 for i € [0,1] 


Awi(at,) ltr |, 
Pt 1+rf 


1l+r 
Page 


Setting r? = r allows p; to be the unique solution to f az (1 + rI )mit-1, Pt, 01)di = 1, which as 
explained satisfies p; > c/(1) and is identical to the first best solution. 


These two cases can be easily combined for the general case, where some users have u; ,(1) > c (1) 


and other u; ,(1) < c’(1), leading to the same result about r? =r. 


We extend the results on the optimality of the Friedman rule to the case of preference shocks. 
For simplicity, we assume that the profile of utility functions and the cost function satisfy the 
following non-degeneracy condition: The optimal consumption vector (4a;,4(0))iejo,1,cen in each 
equilibrium for each state is different 


uj (aisla), a) the 


c'(f aialo)di u c'(f aiala 


Now the per period utility of consumption is given by 


j 


where ø is the preference shock. The user chooses optimal m¿—1 and a(o): 


-mi1 + SEs [uitat o) — piloja + (1+ rf mea] 


subject to the constraint that pa; < (1 + rf)m,_1. We use mo for the probability of getting a 


particular shock o. Taking first order conditions to derive the optimal m we get: 


x Oai 
-1+ 8 {14K [rf] + ra(u (ait ©) — po) ge} 


(ul (ait, 6) — pS) + re (@)) | _ 
7 pi(õ) }=0 


= -1461+ Eo [re | +r 


where o is the unique state where the budget constraint is binding in the optimum (notice that the 
budget constraint is only binding in that state, since for all other states o’ Æ õ the budget is not 


exhausted, therefore Paila’) = 0 and they disappear from the first order condition). Rearranging 


wlas) r- Es [r] 
F A EE E 


It is again optimal to target E,r? = r and we have established the optimality of the Friedman rule. 


The general case, where the budget constraint is binding in multiple states follows along similar 
lines. 


4 Implementation for Deterministic Demand 


As we observed during the proof of Proposition 1, the token supply M; should shrink (or extend) 
based on the risk-free rate r and technological progress rate y. However, this result only tells us 


by how much M, should change at the steady state equilibrium, not how to actually achieve this. 
Ca CP 
to support when increasing it. How this is done could have a detrimental effect (e.g., by reducing 


consumption). In this section 


d : In fact, if we e to do so by 
Te consanipion and burning the excess we should not hope to achieve an improved outcome 
and may actually hurt the welfare of the users. 


4.1 Increasing Token Supply 


An increase in the token supply, which would be warranted if y > r, can be implemented in 


several ways. 
Thus, it has no effect on total welfare to whom additional tokens are 


distributed, but only a distributional effect. For overall welfare, it is therefore irrelevant (in the 


model) whether tokens are distributed to aaa users or other stake holders. Ta 
t itio 


the transaction fees. 


4.2 Decreasing Token Supply through Taxing Consumption and Burning 


While increasing the token supply is easy to implement, the same cannot be said for the decreasing 
it. ge rn 


However, the two are very closely related in the steady state equilibria we consider. There are many 
policies that could accomplish this, such as treasury operations, transaction fee redistribution or 
transaction fee burning. We will focus on the latter. Given that p is necessary to compensate 


the validators, we can ‘tax’ usage by @ and burn the proceeds. As such, the users would need to- 

errr rr een nae AET The rest Ape would be — 
, reducing the token supply accordingly. The notion of equilibrium previously introduced 

ca, be readily adapted to the case of taxation, with the only modification that validators and users — 


Vy 


10 


that affects token supply is fee 


As we observed during the proof of Proposition 1, token supply should shrink (or extend) based 


on the risk-free rate r and technological progress rate y. For it to be optimal to decrease the token _ 


s 
We summarize the results in the following theorem. Even though the effect of taxation does 
not lead to improved outcomes, the actual effect varies depending on the on-chain congestion. 


Proposition 2. ninatan, 


e For low congestion the first best is un-attainable. Taxation has a neutral effect that balances 
e For high congestion, the first best is attainable. Taxation still has a neutral effect and does 
not impact validators. 
Proof. We first consider the case where the chain is un-congested in the first best 3: 
Aru; (1) 
c'(1) 


As previously observed, there exist optimal až such that 


< 1 for each 7 € [0, 1]. 


J Ayu; (aj ,)di 
c'(J ajdt) 


For a given tax rate 0, the optimization problem faced by user 7 changes compared to 5. From 
that user’s perspective, the fee becomes (1 + 0;)pz: 


(0.0) 
gee S > BE, [(Artie(aze) + (1+ rf masa — (1 + 6)praz,) — Mmit-1/8] , 
Mi,t Jt=0,1,.. 4 


Following the same calculations as before, we can derive a first order condition for consumption 


J Aruj(aj,di 1+r 
(1+ 0i) (a7) . T4 rp 


=14%. (9) 


Since we are in the un-congested case (and clearly the increased fees due to taxation can only 
reduce consumption), we still have that af < 1 and thus p; = c' (až) at equilibrium. 
Suppose all tax revenue is burned in each period: 


Mı = Mi- — piat /q > uMi = qMi-1 — Opes 
dt — dt—1 
dt-1 
> me = (1 + ri )mi_1 — Opec (10) 


> m, = (1 + ) qi—1Mi—1 — ipia 


11 


where r? = 2-1 
qt—1 


we have 


, me = aM; and Mmi—1 = qe-1Mi—1. Focusing again on steady state equilibria 


me = q Mi = q-1Mi-1 = (1+ y)M1, 


which we can combine with Equation 10 to obtain: 


(rË — Y)}Mi-1 = bipiar. (11) 
Using the fact that users spend all their tokens in each period, mj4-1 = Mt and integrating 
t 
over all users to get mp1 = — we can substitute: 
$ 
T T 
T (1 + 0) pat ey 0; 1 + Ti 
= ipia => = >h = — 
(ri = 7) tPtat 14r? 1+0; t E 


1+r? 
Plugging this back into Equation 9, the first order condition becomes 


J uilaz,)di Lae Jujlai)di 1+r 


= = = l 
(1+@)c(at) 1+rf c (az) 1+y¥ 


Therefore, taxation has a neutral effect, where the positive effect of token appreciation through — 


cancel out. Note that the outcome might be worse than the optimal, since (1 + r)/( +7) > 1 
reduces af compared to the optimal and pushes it further into the region where the marginal of 
Azul (1 
BOM) «ieee eal, 


(1) 


(12) 


re, but its effect is qualitatively 
different. Taking the first order condition for users we obtain a similar result as Equation 12, but 
pi is not necessarily equal to c'(a¥) due the congestion. In addition, we do not integrate over all 
users, but consider the activity a; 4 of an individual user to obtain: 


ul (aj 4) o l+r ee gh 
Teba i420 E 


1l+r 
1+y 


(13) 


As before, notice that the choice of 6; has a neutral effect on user activity, which is fully defined 
by the choice of p;. To limit congestion and reach an equilibrium, p has to be set such that either 


1 at di = 1 and p, > ¢(1) 


fogai < 1 and p, = c (J oid) 5 


and only one of the two is possible. So even though the chain is congested in the first best, given 
that (1+r)/(1+7) >1 satisfy both f až di = 1 
and p; > c'(1) for the first condition. If this is the case, then the chain is un-congested Mere ia 
back to the previous case. If not, observe that that t 


leads to the optimal outcome. Therefore, 6; > 0 has a neutral effect for any congestion level. 


12 


or 


Remark 2. In the proof of this result, notice that the choice of 0; did not impact the validator 
payments (in dollars) in the congested case! Even though the fee (1 + 0i)pi may aim to control 
congestion through a higher tax that is burned (thus intuitively suggesting that the validators are 


paid less), the increased yield 1 +r? makes this effect neutral: the users have to purchase fewer 


S lect it. In addition, notice that with high mne 
Pereo there may be a price p; leading to ihe pn outcome where the entire blockspace is 
used, even though there are carry costs involved. This cannot be achieved for deterministic demand 
in the un-congested setting (assuming r > y). 


5 Uncertain demand and shocks 


So far, it may seem that there is no hope to obtain a better outcome by increasing the return 
on token holdings r7 through taxation and burning. However, this is not always the case. The 
previously studied cases had in common that the users had no uncertainty about how many tokens 
should be optimally held. Users were ‘uniformly’ affected by our particular policy. To have a 
positive effect, 


. Precisely this can be 
ion. Combining both, t 


modelled through 
i st who 
. This averages out (to an extent) the effects of the 
shocks and due to the concavity of the utilities and convexity of costs there is indeed a tangible 


As we will see in iie following, taxation can be optimal if agents are heterogeneously affected 
by preference shocks and a positive preference shock for a subgroup of agents leads to congestion. 
On the other hand, if agents are homogeneous, or if preference shocks don’t lead to congestion, 
taxation does not increase welfare. 


Binary Shocks We consider the case where o; € {0,1} is binary and Pr [o; = 1] is known to the 
users. In general, 0; = 1 will be referred to as the high demand (or positive) shock and the utilities 


will be higher, while era Lal result a skal demand. 


Ce 
5.1 Homogeneous agents ex-an€é 


We first begin by considering homogeneous agents, to check if there are benefits to taxation stem- 
ming from ‘distributing’ the gains of uidal agents from their utility from the high demand 
shock state to the other. ae 

Let us consider the sme Sper 
and 0 otherwise. We considertWo cases. First, the one where shocks are independent for different 
users. Afterwards, the one where all users receive the same shock. 

We denote by 7/ the return on token holding in case of a positive shock o; = 1 and by r} the 
return on token holding in case of a no shock op = 0. We denote a;4(m,p) := a7,(m,p,1) and 
a; ,(m, p) := a; ,(m, p, 1), following the convention in 4. 
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5.1.1 Users Receive Independent Shocks 


In the first case, we consider at 1 pendent a: a S 
(this slightly abuses the notation, since shocks o; are not mareg per user). Let p = Pr |o; = 1] 
be the fraction of users that receive a positive shock. Even though setting 0; > 0 still is at best 
neutral, the effect is different than the deterministic case. 


Proposition 3. For binary shocks o, € {0,1}, received independently and identically distributed 
by every user, b 


Proof. Notice that on aggregate (due to having a continuum of users) the activity a,, price pr, 
token holdings m; and returns on token holdings rf are not random. After the shocks realize, a 
fraction p of users will choose a((1 + r7)m,p) > 0 whereas a fraction 1 — p will choose aj = 0 
(since their utility for øp = 0 is 0). Since agents are the same ex-ante (which is when they decide 
their token holdings), the maximization they face is the same for all and it is the following (using 
ā and omitting the arguments (1 + rf )m;_1 and (1 + 6;)p;): 


max { — m1 + LEs [u(az) +e me SE 0;)pra; | } 
= max {— m1 +8 (p(u(Ge) + (1 + rijm — (1+ O4)pide) + (1 — p)(1 + rf mea) } 
= max {— me + B (p(u(ae) — (1+ 0i)peāi + (1 + rf )mi1)} 


Taking first order conditions: 


p (o(w'(ae) — (1+ 6)pe) 2 +14 rf) =1 


If the return on token holding is smaller than risk free return, then the agent will optimally choose m 
l+rT 
Top 


such that all of it is spent in the high state: (1+r7)m:—1 = (1+;)p:a@. Therefore: —— =7 
and: 


B(p(u! @) — (1+ bep) +1472) = a+ rf) (1+ 0( ao 1)) =1. 


Given that 8 = ee and defining 


we therefore get 


(1+ %)p¢ p 
The effect of taxation is different than in the deterministic case. Equation (11) still applies for 
this case and gives (r7 — y) = hppa ((1 + rf )my_1, p)/mz_-1. Combining this with the condition 
that all money is spent in the high state, we get 


1+ rp =14+7+&ppa((1 + rf )my—1,p)/™me-1 


O(1+rf) 
1+ 6 


=l+y7+ op 


, 
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and finally solving for 1+ rf: 
d +7) + 4) 


1 ion 
PhS ee ee 


Combining with the first order condition: 


(a Lagi 
wl) (+e) G - 
Pt p 


ae 


+1 +H) 
(r= (1+ (1 = p)%) 
p 


=1+ 


Notice that the right hand side is greater than or equal to 1 and increasing in 04. As always, there 
are two options depending on congestion. 


ie we have that Pt = =¢ (pū) and the right hand side should be equal to 
1 in an optimal outcome. Thus set taxes 0+ such th ) : 


ible, which is achieved for 8 
. This may be ac s (unlike 


the deterministic case!). However, 


Remark 3. Contrary to the deterministic case, there may be multiple choices of p; and 0, leading 
to an optimal outcome in the congested setting (instead of just one choice of p and irrelevance 2 
6,). The difference lies in the shock: t 


ond nt mae Jom the fee brn, wher the deterministic case all non-bme tokens wodd 


5.1.2 All Users Receive the Same Shock 


Typically, the shocks received by each user would be correlated to each other and perhaps guide 


na GREENER e rece cis erage model this, we consider the case 
where all agents receive the same shock with probability p for the the positive shock. Compared to 


Proposition 3, the return on token holdings rf is not deterministic anymore, since the aggregate 
demand is not deterministic anymore. As before, we consider identical users that have utility u for 
the positive shock and 0 otherwise. 


Proposition 4. For binary shocks os € {0,1}, where each user receives the same shock, burning — 


Proof. Given the two states of the world (based on the shock), we define the corresponding variables 
Dt, Qs and FZ. Conveniently, given that for the negative shock u; = 0, we have that the corresponding 
variables are p; = 6; = rT = 0 as well. 

As before, if the return on token holding is smaller than the risk free rate, then the agent will 
optimally choose m such that all of it is spent in the good state: (1477 )mi1 = (1+0:)ptat(Mi—1, De). 
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Combining this with the condition from Equation (11) that (FE — y)m:-1 = (Pi, we get 


— =, pS = = 
L+ 7p = (1+ e)p / Mm = (1 + 4) a l = (1+0) (1+7) 
t 


By construction, we have no consumption and zero return in the bad state so that 


Eo [1 +r7] =(1—p) +p +A +7). 


Thus the user solves 


max {—m4_1 + Eo, [u(af) — (1 + %)praf + (1 + r; yme-1] } 


Mt—1 


=max {—m + B(o(u(a) — (1 + 8i) PeT) + ((1 — p) +p + %)(1 +7) m1) f 


Mt—1 


Taking first order conditions: 


pula) — (1 + OPa + (Lp) + olle +y) = 1/8 


Since all of m_1 is spent on the positive shock state (i.e. (1 +77)m_1 = (1 + 0:)p:a4) we have 


ba, — st i 
that van (stom and therefore: 


plu (Ge) — (1 + 0p) pA + (1 — p) + (1+ 6)(1 +7) = 1/8 
7 m -ltr 0-A pd + A) y) 

p 

a++ _1+r—(1=p)- 0 +A) +7) 


‘(a = + (1+ )(1 
=u (a) (1+ Oi F (1+0) +7) 
WG) 1 I+r-0-p-p0U+eU+) a, 

Pt Ly p 

Ifa 
_, waz) _ ptr 


Remark 4. It seems that either for independent or identical shocks, it is not possible to relieve the 
carry cost (thus increasing token holdings and possible welfare) in general, by taxing consumption. 
It is unclear if this extends for homogeneous ex-ante users that have a non-zero utility in the low- 
congestion state, but it seems unlikely, since the token holdings would be determined by the positive 
shock state for all users. 


5.2 Heterogeneous agents 


We modify the previous examples, assuming that the agents are not homogeneous. In particular, 


there are two ut 
two types of agents: 
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and u otherwise, while a fraction 1 — A is of Type B and has utility u in both states. Moreover, we 


assume that 


Proposition 5. For binary shocks o} € {0,1}, heterogeneous users and high congestion in the 
positive shock state, 


Proof. Given the two different user types, we need to define a few more symbols. Specifically we 
have use g and g to indicate that this particular variable x is conditioned on the positive or negative 
shock. Specifically: 


e Type A users: @ and a, for the activity in the high and low congestion shock states and mi 
for token holdings. 


e Type B users: b; and b, for the activity and m for token holdings. 
e Prices pr, p,, taxes bt, 0, and finally returns rT rT. 


For simplicity, we assume that there is no technological progress and y = 0, although the results 
generalize. In addition, we do not tax in the low congestion state (i.e., 0, = 0 and thus r? = 0. 
For the Type A user, we have the following optimization: 


max {—7iz-1 + B(Eo, [(1 + rE Me- + ulat) — (1 + %)peaz)] } 


™et-1 


=max{—m,-1+ 
Met-1 


B((L+ Eo, [ri ]) mi1 + (1 — p)(u(ay) — par) + p(U(Ge) — (1 + O:)Peae))} 


leading to the following first order condition: 


-1+6 (0+ Eo pF) + (1 = AU la) - p) a + ola (ar) — (1 + bpa) = 0 


Since the Type A user only spends all tokens ™m,_1 in the high congestion shock, we have that 


ða _ 0, In addition (1+77)m, = (1 + 6:)pa:, leading to +2% = 471 Plugging these back 
Ome- ’ Tu t)Ptar, COONS tO Sme ~ a040) + 088M8 
we get: 
=T 
E E - 1l+rT a (a) Ls ee 


The Type 2 user solves a similar maximization, but the utility is deterministically u: 


max {=m 1 + B(Eo, [(1+ rf )my_y + w(by) — (1 + 6)prby)] } 


Mı 


Before continuing, we show the following simple property of concave functions, that we will 
invoke later. 
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Lemma 1. Let f,g : R > R be smooth and strictly concave. For xı < xg and yı > yo, if 
f'(a1) > 9'(y1), f’(@2) = g' (ye) and Azı + (1 — A)y1 = Awe + (1 — A)y2 = 1 then 


Af (za) + (1 — A)g(y2) = Af (#1) + (1 — A)g(y1) 


Proof. We take the derivative of h(x) = Af(x) + (1 —A)g (=) with respect to z: 


1- À 
h (£) = Af" (a) — dg! ( = z) l 
By our assumption, h'(z1) = A(f' (x1) — g'(yı)) > 0 and h’(x2) = A(f'(x2) — g'(y2)) > 0. Given 
f,g are concave and smooth, h'(x) is decreasing and continuous in æ. Therefore h'(x) > 0 for 


z2 > x > xı. Integrating over that range: 


f NG = 0S hes) Tag 26: 


concluding the proof. 


There are two cases for where the binding constraint on m,_, is. Either the agent exhausts her 
tokens in the low state or in the high state. Since the two cases are similar, we only present the first 
case. The user will optimally choose m,_; such that all of it is spent in the low state: Pb = My1: 
Notice that the token holding constraint does not directly involve r? (although the price partly 
encodes this information) and that in the congested state she is crowded out and may not consume 
as much as she would like due to the limited block space. Taking first order conditions and solving 
as before, we get: 

w) _ L+r=pltr) y tere 
P, 1—p =? 


(15) 


For the user activities in other states, we know that since not all tokens are user the activity 
level is optimal. Therefore it must be that: 


which actually match the first best optimum for their respective shock states. However, the con- 
ditions Equation (14) and Equation (15) for the remaining two states are bounded away from 1. 
If we find a choice of 6; such that they both get closer to 1, then we will have shown an improved 
outcome through taxation and burning of fees. 

We use the equilibrium definition to determine other conditions restricting our choices of p+, p, 
and @;: 


e In the high congestion case the chain is fully utilized. We have Aa; + (1 — A) = 1 and 
u'(a@) = u (b) > pp > (1). Notice that pe may be able to take more than one value, 


increasing 0; appropriately to control demand. 


e The low-congestion state has the more restrictive condition p, = c' (Aa, + (1 — A)b;). 
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We will try to tweak p; and 6; so that a and b; stay the same, but b, and a, increase. 
Before doing so, it is useful to obtain an expression for 7/ involving the remaining quantities. 


We have that: E _ _ _ 
_p — OprAae +(1—A)B)t —— pe(AGe + (1 — A)B)t 


Ta S 
Amt-1 + (1 — A)my_y ee +: (1 — A)p, by 


Observe that this is an increasing function of 6; and crucially, does not cancel out in Equation (14). 
Therefore, there are multiple combinations of 6; and p; leading to a congested equilibrium. We 
compare such 6; and p; against an alternative without taxation and just p+. 

First off, notice that to have a congested equilibrium it needs to be p; < (1 + ;)p;, since the 
increase of F? decreases the right hand side of Equation (14). In addition (calling @ and 6 the 
activities for p, we have that: 


u (G4) > u (b) and w'(a&) > u (b), 


since the right hand side of Equation (14) is greater than 1. In addition, bi > b; and i < @%. But 
then, taxation actually increases welfare in this state as well! By Lemma 1, we have that: 


Au(a) + (1 — A)u(be) > AU(Ge) + (1 — A)u(b:). 


In the low congested case the result is immediate: the right hand side of Equation (15) approaches 
1 due to 7}, thus increasing the activity b, without affecting a,, thus concluding the proof. 


Remark 5. Finally, it seems that the leeway in taxing wi nsumption offered in the 
state can be taken advantage of i Le SUTPLUSES 


ce i ) in } ion. In addition, it it 4 
relatively easy tax L SE operly: 4 j 


iaaiiai haenen aAa ee ———— 
policy are overall positive. — 


6 Conclusion 
We have developed a theory of token issuance policies in an infinite horizon model of a token 


economy with trading frictions. This is an important first step towards understanding optimal 
token issuance policies. However, several directions for future work should be explored: 


6.1 Speculation and Bubbles 


Our model, assumes that users and validators, the main stakeholders in the ecosystem, are the 


only users of tokens. In reality 
` speculators. A natural extension of our model would incorporate speculation. 


: : - In these circumstances, we conjecture that a 
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6.2 Continuous Time 


Our model considers discrete time that allows us to split time periods into two sub periods where 
the centralized token market on the one hand the transaction market on the other hand operate. 
The assumption of discrete time was helpful in setting up the model and introducing frictions in 
a natural way. However, it would also be instructive for analytical tractability to consider the 
continuous time limit of our model: In the continuous time limit the carry cost can be modeled 
by a reduced form flow cost of holding money balan 

rol problem. This would lead us to a model 
similar to the model of [5]. 


6.3 Demand Estimation and Implementation 


The optimal taxation policy in our model assumes that willingness to pay and congestion can be 
identified when setting fees. The system is aware of the realization of the preference shock and 


sets fees accordingly. 
users. In particular, demand l : us, the 
system needs to es . Existing systems, such 


as Ethereum use step-wise myopic updating of Si pee based on the demand in the previous 


block(s). It is an open question, whether this kind of fee updating policy (or, equivalently, demand 


estimation) is close to the optimum or an alternative policy should be devised. Alternativel 
ier Rathi Edeploveds licit: willl canna 
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